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■ conformal fields. It includes previously known solutions as particular cases. 

Several concrete examples are considered for illustration. They contain a 

qq ■ black hole and cosmological horizon in thermal equilibrium, extremal and ul- 
G\ 

CN ■ traextremal horizons, etc. In particular, we demonstrate that adS and dS 



geometries can be exact solutions of semiclassical field equations for a non- 
constant dilaton field. 

PACS numbers: 04.60.Kz, 98.80.Cq, ll.25.-w 

I. INTRODUCTION 

Semiclassical physics of black holes, combining issues of space-time, thermodynamics 
and quantum theory is the one of the most fascinating areas in physics. In our real four- 
dimensional world high mathematical complexities obscure the analysis of interplay between 
these aspects. This explains why the two-dimensional (2D) black hole physics (and, in more 
general settings, 2D dilaton gravity theories) became so popular during last decade. The 
powerful incentive was given due to Callan, Giddins, Harvey and Strominger (CGHS) work 
U on evaporation of two-dimensional black holes. Meanwhile, the exact solutions for the 
metric and dilaton discussed in || were pure classical. The situation becomes much more 
complex if backreaction is taken into account. Then even within the set of two-dimensional 
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theories it is not a simple task to solve and analyze semiclassical field equations. As a 
consequence, self-consistent generalization of the CGHS theory turned out to be a non- 
trivial problem. To this end, a series of particular exactly solvable models were suggested and 
analyzed @ - @ . In there has been suggested an unified approach based on symmetries of 
the non-linear sigma model to which the gravitation-dilaton action is related. This enabled 
to embrace previously known exactly solvable models within an unified scheme, the condition 
of exact solvability representing some relation between coefficients which enter the form of 
the action. This condition was independently refound in || in a more direct way, starting 
from the gravitation-dilaton action itself. It turned out that rather wide classes of solutions 
in such theories shares common properties (thermodynamics, space-time structure, etc.) 
which were discussed in ||, [0. Meanwhile, these classes of solutions do not exhaust all the 
possibilities and, in some respect, are not applicable in some physically interesting situations. 
For instance, black holes considered in ||, are always non-extreme. The solutions for the 
extreme case can be obtained explicitly on the pure classical level (see, e.g., the recent 
paper [10]), but this problem becomes much more complex, when quantum backreaction 



is taken into account. For exactly solvable models of 2D dilaton gravity extremality can 
be achieved by special "tuning" asymptotic behavior of some action coefficients near the 
horizon [ ll| , Hl2| for rather special families of solutions in which quantum stresses diverge 



on the horizon, the geometry remaining regular there. Being interesting on its own, such 
kinds of solutions do not represent, however, zero temperature black holes in the Hartle- 



Hawking state. Meanwhile, it was shown recently []T3| that the latter type of solutions does 
appear in the exactly solvable models but only in some degenerate cases. 

Thus, different classes of the same exactly solvable models may exhibit quite different 
properties and this motivates constructing the general scheme which would include all kinds 
of solutions. This is just the main purpose of our work. Such classification is a necessary 
step for better understanding the structure of exactly solvable models in dilaton gravity. It 
may also serve as a basis for diverse set of physical applications, that are contained in 2D 
dilaton gravity (see, e.g., recent reviews fl4j[ , [|i"5H ). 



II. BASIC EQUATIONS 



Hereafter we restrict ourselves to semiclassical dilaton gravity with backreaction of con- 
formal fields onlyS. Consider the action 

I = I + I PL , (1) 

where 

j Q = _L J d 2 Xy^[F(<j>)R + V(<P)(V<P) 2 + U (</>)] (2) 
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and the Polyakov-Liouville action [22 



1PT=-— dX\/-Q\ — 



is responsible for backreaction. Here the function ip obeys the equation 

= R, (4) 

where □ = V M V M , k = N/24 is the quantum coupling parameter, N is number of scalar 
massless fields, R is a Riemann curvature. We omit the boundary terms in the action as we 
are interested only in field equations and their solutions. 

From eqs. ([I]) - (Q) one can infer field equations (see below) which are valid for any 
gravitation-dilaton system of the kind under discussion. Meanwhile, our main goal is to 
analyze possible exactly solvable cases. The typical representative of the corresponding 
family reads 

F = exp(-20) + 2«(d - 1)0, V = 4exp(-20) + 2(1 - 2d)n + 4C(e~ 2 * - nd) 2 , U = 4A 2 exp(-20), 

(5) 



1 We do not consider additional scalar, Yang-Mills or fermion fields [16| - [2C], theories nonlinear 



with respect to curvature [21], etc, where, however, exact integrability is achieved for the classical 
case only. 



A and d are constants. If C = 0, this model turns to that suggested in ||23|| . In turn, it 
includes different particular known models. For example, in the case d = one obtains the 
model suggested in |p4]| , if d — 1/2 it coincides with the RST model ||. Meanwhile, the 
family of exactly solvable models under discussion in our paper is wider than (|5]), including 
it only particular class. 

Let us return to the issue of field equations in the generic case. Varying the action with 
respect to a metric gives us (7) t „ = 2jj^): 

T,* = - = 0, (6) 

where 

T$ = t^{2(^ nF ~ V^V.F) - U 9fiv + 2VV,<PV V <P - ^V(V0) 2 }, (7) 

T^ L) = - 2V M V,^ + ^[2i2 - ^(V^) 2 ]} (8) 

Variation of the action with respect to <fi gives rise to the equation 

dF dU , dV .„ , x2 

In general, field equations cannot be solved exactly and the function ip, the dilaton (p and 
metric depend on both time-like (t) and space-like (a) coordinates: ip = ip(t,a), = <p(t, 
a). In what follows we restrict ourselves to such kind of solutions that ip can be expressed 
in terms of <fi only: ip = tp(4>). We will see that this leads to the existence of the Killing 
vector. On the other hand, as all static or homogeneous solutions depend on one variable, 
one may exclude it and express ip in terms of <p. Thus, the assumption ip = ip(<p) turns out 
to be equivalent to the static or homogeneous character of solutions. 

Let us take the trace of eqs. ©-(§) and eq. @. Denoting 

F = F-Kip,U = AeI d ^, (10) 

we get 



U = DF 



(11) 



A l U(t) + A 2 {V(t)) 2 = 0, 

A l = (u - Ku)ip' + uju - 2V, (12) 
A 2 = {u — kuj)i/j" + uju' — V', 

where u = F' and prime throughout the paper denotes differentiation with respect to <fi. 
For arbitrary coefficients Ai(<p), A 2 ((fi) eq.flb?!) cannot be solved exactly. This can be done, 
however, under some restrictions on the form of the coefficients A\, A 2 . Let us demand that 

Ai = (u - ku)x , A 2 = (u - kuj)x" (13) 

where x — x(0) an d Dx = 0- Then it follows that ip = ip + x, where 

= > (14) 

M — KCJ 

which enables us to find at once ipo i n terms of known functions u, V, io by direct integra- 
tion. Demanding that both equations in (|1^) be consistent with each other, we obtain the 



restriction on the action coefficients 

u'(2V - uju) + u{uuj' - V) + k(ujV - 2Vuj') = (15) 
This equation can be solved: 

V = uj(u-^-) + C(u- kuj) 2 , (16) 

where C is a constant. 

The fact that the function ijj is defined up to the function whose Laplacian vanishes is 
explained by eq. (f|) which is, in fact, is the definition of ip. The presence of x reveals itself 
in the nature of quantum state (see below). Eq. (ffBj) is just the condition obtained in |3J, 
so account for x does not generate new types of exactly solvable models but extends the set 
of solutions within these models. 
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With eq. (|TT| ) taken into account, the field equations (|6|) - (§]) can be rewritten in the 
form 

& □ 4> + 6(V0) 2 ]^, = 2(CiV^V y + 6V M 0V„0) (17) 

where £1 = £2 = — V", = V — f (^) 2 - Let us multiply this equation by the factor 
C chosen in such a way that £ 2 £ = d ^^P ■ Then eq. (|T7j) turns into 

^□// = 2V M V^, (18) 



where by definition /x' = This equation takes the same form as eq.(2.24) from |2E] and 
entails the same general conclusion about the existence of the Killing vector l a = e^fi^. In 
the present paper we consider the case when the Killing vector is time-like everywhere that 
gives rise to static solutions and mainly concentrate on black hole ones. 
It is convenient to work in the conformal gauge 

ds 2 = g{-dt 2 + da 2 ), (19) 

where, in accordance with the choice of the Killing vector, g = g(a) and does not depend 
on a time-like coordinate a. In the gauge the curvature 

*— < 2 °> 



Eq. (|TTD takes the form 



Ae " = V = I dcjiu. (21) 



da 2 

Now for any function f(a) we have □/ = g" 1 ^^ whence it is clear that x = l&i where 
7 is a constant. Thus, we have 

^ = ^0 + 1<t, (22) 
where ipo is defined according to ([TJ|). It follows from that 

g = e~^- aa = e -^°- Sa , (23) 



where a is a constant, 5 = 7+a. After simple rearrangement the (00) and (11) field equations 
(§), (|T7|) with the metric in the conformal gauge ( |T9D are reduced to one equation 

da 2 \da J dcbda 



It is convenient to split coefficients in eq. (|24|) into two parts singling out the term which 



is built up with the help of fa: & = £i W - ^% £ 2 = d° } - «7§ + + 



Then eq. (|24| ) takes the form 



f (o)^ 2 . AO) ( d<t>\* ( )#,#o . « 7^ / OK x 

^ ^ + ^ 2 U + ^ ^ ( ^ + 5) = K7( ^2 } - (26) 



(0) o _<^£) „ r ftf-tf ') ] 



Let us multiply this equation by the factor s such that Q s — , s = exp[ 

exp[-\/(°)/ri 0) ]. 

Then eq. (|26| ) can be cast into the form 

_+*(_ + *) = ^(,5--),, (27) 

where z = s^J 0) g = s^. It follows from (|TJ) and (0) that 

^0 = 77 + 2C#, (28) 

g = e -n-2CH-8* (29) 

and 

F (0) = #(1-2kC), (30) 
where H = F — kt). If A 7^ 0, the metric function (up to the constant factor) is equal to 

p —Sc 

9 = —, (31) 
H = F - k In U + const. (32) 
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We obtain from flTJ|), fl2^), fl28|), © 

V (0) = (1 - 2kC)H'{u + CiT), d° } = (1 - 2rcC)#', (33) 

whence 

s = e -"- CH . (34) 

Then after simple rearrangement eq. (^7|) gives rise to 

d 2 H ^(dH\ 2 dH 

-d^ + C {^) + ^ = «' (35) 

where 

a = K7(<y-|)/(l-2KC). (36) 

It is convenient to introduce a new variable p, where \p\ = e CH . Then we have the linear 
equation 

d2 P , x d P n i t i r 7\ 

d^ + 5 Ta = aCp (37) 

One can seek a solution in the form p ~ e 13 ", whence we obtain 

p 2 + dp - aC = (38) 

This equation is quadratic and has two roots Pi, P 2 - Depending on their properties, one can 
classify all possible types of solutions and describe their properties.. In a natural way, the 
solutions fall into three different classes: I (both Pi, p 2 are real, Pi ^ p 2 ); II p 2 are reai , 
Pi = P2), HI (roots are complex, fti = /3|). We describe the results below. 

III. GENERAL CASE, TYPES OF SOLUTIONS 

It is convenient to cast the solutions of eq. fl35|) into uniform formulas: 

CT=CT -y+ln|/|, (39) 
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where the function obeys the equation 



da 2 

We get the following different cases. 
l a . e 2 >0,f = ^; l b : f = 
II a : e = 0, / = a- II 6 : / = 1; 
III: e 2 = -x 2 < 0, / = 
It follows from (^Tj) that 

AC 



r/ 2 f tf 2 
J fe 2 ,e 2 = d - + aC. (40) 



e 2Cif0 ^, (41) 



1-2«C 

where z = 1 for the I& case, z = = A for II& and z = —1 in cases I a , II a , III. 
The Riemann curvature reads the following. 

Ia, Ha, HI: 

UC Tn on 1 /.ox 

^i^ [2 + c^ + c^feK ] (43) 



ii/, 



R = ^HLJ-(JL)'t (44) 

Here g = (£-|/). 

In a similar way, we get the general structure of the expression for quantum stresses. 
Two nonzero components of quantum stresses are connected for conformal fields by the 
well known relationship T^ PL ^ + T^ PL ' = — (see eq. (|8|)). Here we list the component 
T 1 1(PL) only One obtains from ©, (H), (||), (||): 

da [ CH' +Z) f 



whence 



except the case lib, when 



Z = {^ + 2ff-{5- 1 ff\ (47) 



T l { PL) = _ « 2C2f +* Z (4g) 
4"7T 



^ = ?(t^) 2 -(^7) 2 . 



IV. PARTICULAR CASES AND LIMITING TRANSITIONS 

The solutions obtained depend on several parameters. In what follows it is assumed that 
the dilaton is not identically constant. The quantities A and C enter the definition of the 
action coefficients: A is the "amplitude" of the potential U of a generic model according to 
eq. ([TOD, while the parameter C defines the coefficient V of an exactly solvable one fllED. 
Meanwhile, the quantities S and a are the parameters of the solutions of field equations, 
they do not enter the action but characterize the different solutions for the same model. 
Let us denote the symbolically [C, A]( 5, a) the solutions with given parameters for a given 
action, where it is supposed that the values of parameters differ from zero, unless stated 
explicitly. Different limiting cases can be described on the basis of eqs. ( |35|) -( |38|) and eq. 
(pl|). Consider first the case 



A. C = 



Now 



(49) 
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1. Case [0, 0/ 



Then it follows from @) that = 0. 

In the cases [0, 0](0, a) and [0, 0](<5, 0) equations ( p5|) and ( pT|) are mutually inconsistent, 
so these cases cannot be realized. 
[0, 0](0, 0) 

H = Aa,g = e-\R=^^Je\ (50) 

T 1(PL) _ _± A 2^_ Q 

h ~ An H'* <0 - 

Here A is an arbitrary constant. 
[0, 0](6, a) 

= T "' ^ = 77777 ( 777 ) e Mv + ~ H )i ( 5l ) 



5 ' 5 2 if' V# 
If a = v45 and 5 — > 0, while A is kept fixed, flSlj ) turns into (pD|). 



^> = _ Mi+¥) a[B( ^ +M) " +21 . 



2. Case /0 ; A/ 



[0, A] (5, a) 

H = H + jcr + De- S °, R = ^[ojA + (jQ (^e s ° - 2aD + D 2 5 2 e~ 5a )], (52) 
Tl {PL) = -^-e v+Sa {2a + k(% - £>&T ^W" 1 [25 + - Ltfe^W- 1 ]}, 

47T 



D<5 2 = A. 



(53) 



[0, A] (5, 0) 

H = H Q + De- 5a 



, 9 



e~\E - H )D-\ R=±L[u+(H- H ) (-^V] 



(54) 



t; 



1{PL) 



kuU [o u(H-H ) 
AitH' [ 



H' 
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It is seen from ( [35]) and fl2T|) that the solution [0, A] (0, 0) is impossible. 
[0, A](0, a) 



H 



+ H , g = e"", A = a 



< o, 



1(PL) 



The above formulae exhaust all the possibilities for C = 0. 



B. C/0 



Let now C ^ 0. 



1 Case /C, A/ 



(55) 



[C, A](0, 0). Then it follows directly from eq. (|35|) and eq. (0) that 



H = C~ l In 
R U 



a 



cr 



AC = -(1-2kC)(t - 2 <0, 



l(PL) 



kUC 



(2 + 



47r(l-2/tC) v CH' 



< 0, 



(56) 



where o"o is a constant. 

[C, A] (<5, 0): this case can be obtained by putting a = directly in the formulas for the 
case I. However, we list equations explicitly since this value is singled out from the physical 
viewpoint, giving a typical black hole in the Hartle-Hawking state |§. Here D is a constant, 
the factor C is singled out for convenience. 



6 ch _ e CH Q 



1 + DCe 
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DC 



(57) 



R 



U 



2kC) 



{2C+^ + ^-(^- 
1 H' CH' \H' 
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we 



C(H-H ) 



A = e 2CHo {l-2KC)D5 2 , 

z/=sign(l + DCe~ Sa ). If v > 0, our solution, written in the conformal gauge, corresponds to 
eq. (25) of Ref . |§ , where the Schwarzschild gauge was used. 

[C, A](0, a). It can be obtained directly from types I or III by putting 5 = 0. 

2. Case [C, 0] 

[C, 0](6, a): 

CH = CH + (3 ± a, g = exp(-r? - 2CH T 2eCH^), R = Jjj^ ^2cu,±2ecu r± \ (58) 

T\ {PL) = ~ exp(r / + 2CH ± &^){k/3 ± (2 + -^)W± + 5) + §^)] + 2a(l - 2kC)}, 

/3± are the roots of eq. (j38|). The solution [C, 0](0, a) does not bring any qualitative new 
features and can be obtained directly form (|58[) by putting 5 = 0. 
[C,0](5 ,«): 

H = H Q -^g = e^ H \ (59) 

"--Mw)'*™' (60) 

T 1(PL) _ a , KUJ 2 n +2CH / fil \ 

The solution [C, 0](<5, 0) can be obtained from (|58|) by putting a = 0. 
The solution [C, 0](0, 0) does not exist. 

The solutions with C = and C / are described by qualitatively different formulas, 
so one may ask in what way the first class can be obtained from the second one by limiting 
transition C —>■ 0. In such a transition one should carefully take into account not only terms 
with C = but also terms linear in C and, if necessary, make a shift in the coordinate. For 
example, compare the cases I and [0, A](d>, a). In the formulas for roots of eq. ( j39|) we have 

13 



in the limit under consideration (let for definiteness 5 > 0): e — | + ^j-. Introducing a new 
variable according to a = a' + o~o and choosing o"o to make the right hand side of eq. ( |39|) 
of the first order in C, we put exp(— 6<jq) = CD, where D does not contain C. Then after 
simple rearrangement we obtain H = j<t + De~ Sa that agrees with (0). On the other hand, 
there also exist solutions with C ^ ( for instance, [C, A] (0,0)) which have no analogues 
among those with C = 0. 

Thus, we obtained the following qualitatively different cases. 

Generic types: I a , I 6 , II a , II b , III. 

Particular ones: 

[0,0](0,0);[0,0]((5,«); 

[0,A](5,a);[0,A]((5,0);[0,A](0,«); 

[C, A](0,0); [C, A](<J,0); [C, A] (<?,«); [C, 0] a) . 

The case II a is equivalent to [C, A](5o,a) and lib is equivalent to [C, 0)(5o,a). 
All other particular cases either are impossible or can be obtained directly by letting the 
parameters their particular values. 



V. EXAMPLES 

In this section we restrict ourselves to examples that possess properties, missed or 
overlooked in previously known exactly solvable models. Consider, for example, the case 
[0, A] (S, 0). It is convenient to introduce a Schwarzschild coordinate x according to dx = dag. 
Then it follows from (p4|) that 

9 = « y — , (62) 

% = *-%> m 

where the constant B obeys the relationships a = A/D, B = 8/a, aB 2 = 1. 
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If H((f)) = Hq at some = 0o> we have a horizon. Meanwhile, an additional horizon 
may appear at H — > oo. As a result, we may obtain black hole and cosmological horizons. 
Indeed, consider the model for which at <fi — > oo 

17 - e^ m (l + Z/ie - *), # - e*"(l + fiie - *), n,m > 0. (64) 

Then direct implication of eq. (|54|) shows that g ^ exp[0(n — m)] ^ x — Xh (x/i is the horizon 
value of x), 

R ^ exp[0(m — n — 1)], (65) 

j , i 1 ( PL ) ^ (2n — m) exp[0(m — n)] + const exp[0(m — n — 1)] + (66) 

the Hawking temperature — ^ at the black hole horizon at = O and 

T ( 2 ) = Ml(m-n) 

^ 47T n V 7 

at the cosmological horizon <ft = oo. 

The value = oo is indeed the horizon provided n < m, the condition of regularity of 
the cosmological horizon reads m < n+1, the finiteness of quantum stresses on this horizon 
occurs if 2n — m = 0. Al three criteria are met for m = 2n, n < 1, in which case = T# 
and we obtain two horizons at thermal equilibrium, quantum stresses being finite on them. 

On the other hand, if n < m < n + 1, m / 2n, the cosmological horizon is regular but 
quantum stresses diverge on it. 

One can observe that the solutions [C, A] (0,0) and [C, A] (5, 0) in the case U = const 
(lo = 0) give the constant curvature solutions R = — 2a 2 < ( 2d adS metric) in the first 
case and R = e 2H °DC5 2 in the second one (2D dS metirc, if DC > 0). It was shown 
earlier that dS and adS metric appear in 2D dilaton theories for constant dilaton solutions, 



(V0f = |27|]. However, we see that the reverse is not necessarily true: we obtained 
the constant curvature solutions with essentially inhomogeneous dilaton field. This is due 
to C 7^ 0, so these solutions could not appear in previous studies of exactly solvable models 
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In the case [C, A](0, 0) with U — Uq — const, the curvature R = jz^c = cons ^ < 



(A and C have different signs according to (pq) ) that is nothing else than the usual two 



dimensional adS space-time with an acceleration horizon. If the potential is not constant 
identically but U — > Uq = const asymptotically, we get a black hole extremal horizon. 

If, say, at —>■ oo H ~ Hi<f> and £/ = Ae~^, we have for the same type of solutions 
g ^ a m ~ 2 , m = (CiJi)" 1 . If < m < 1, g ^ (x — x fc ) n with n = > 2. In this sense a 
horizon is ultraextremal. 

[0,0] (0,0) 

Let at — > oo n ~ 20, if ~ e^. Then (7 ~ a -2 and we again obtain an extremal horizon. 
In fact, as in this example the potential U = 0, we can choose the function n at our will. For 
instance, let rj = In ch(p, H = ship. Then the solution is symmetric with respect to reflection 
— > —0, g = (ch<p)~ l and at both infinities we have extremal horizons in equilibrium. In 
so doing, they are "ultracold": x ^ and g ^ (c/ix) -1 , so not only the metric function but 
also their derivatives vanish at infinity. 

Consider the case H = e~ 2 ^ — k0, uj = —2. It corresponds to the solutions found in 
p5| in the cosmological context. It is convenient to introduce the coordinate p according to 
dp = ^fgdo, the proper length I — \p\. Then after some algebraic manipulations it follows 



from (|50|) that g = a 2 , 

^/b 2 p 2 + 2n + bp 



(68) 



K 

b is a constant. If k — > 0, bp < 0, we obtain a — > \b\ The region bp > does not have a 
classical counterpart. The curvature 

4Kb 2 . . 

R = Tin 69 

ib 2 p 2 + 2k) 3/2 (bp + sJWp 1 + 2k) 

is everywhere finite, including infinity. In the limit pb — > +00 the metric function g ^ I 2 , the 
curvature R ^ l~ A —>■ 0. If bp — > —00, g ^ U 2 , R ^ U 2 — > 0. Thus, we have a nonextreme 
horizon at one infinity and the Rindler metric at the other one. 

The solution of [0, 0](8, a) type corresponds to the static analogue of what is called "the 
second branch" in the cosmological context 
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It is worth noting correspondence between some types of exact solutions that follows 
directly from the explicit formulas. For the solutions [0,0] (5, a) and [C, A] (0,0) the depen- 
dence of the metric function on dilaton g(<ft) coincide provided C = 5 2 /2a; for the solutions 
[0,0] (0,0) and [C, A](0, 0) the spatial dependence of the dilaton on the proper length coin- 
cide, provided the constant \A\ = \Ca \. 

One can observe that the solutions [C, A](0, 0) and [C, A] (5, 0) in the case U = const 
(u = 0) give the constant curvature solutions. It was shown earlier that dS and adS metric 



appear in 2d dilaton theories for constant dilaton solutions, (V0) = |26], p7 |. However, 
we see that the reverse is not necessarily true: we obtained the constant curvature solutions 
with essentially inhomogeneous dilaton field. This is due to C ^ 0, so these solutions could 
not appear in previous studies of exactly solvable models M, M. 



VI. SUMMARY 

Thus, we considered a rather wide family of exactly solvable models of 2D dilaton gravity 
with backreaction of conformal fields, which includes previously known particular models of 
this kind, and enumerated all possible types of static solutions which appear in this family. 
In so doing, the explicit results were listed for static solutions. However, if a time and space 
variable are interchanged, we obtain (with signs properly reversed) exact solutions for string- 
inspired cosmology that gives potential set for the choice of everywhere regular space-times, 
detailed description of inflation, etc. The list of solutions given above may also describe 
an initial and final configurations in the problems of black hole formation and evaporation. 
Further applications for black hole physics and cosmology depend strongly on the concrete 
choice of the models. 
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